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Degree Formulae for Grassmann Bundles, II 


HAJIME KAJI* * AND TOMOHIDE TERASOMA** 

Abstract. Let X be a non-singular quasi-projective variety over a field, and let £ be a 
vector bundle over X. Let G x(d, £) be the Grassmann bundle of £ over X parametrizing 
corank d subbundles of £ with projection 7r : G x{d,£) —> X , and let Q V- n*£ be the 
universal quotient bundle of rank d. In this article, a closed formula for 7 r* ch(det Q), 
the push-forward of the Chern character of the Plucker line bundle det Q by 7r is given 
in terms of the Segre classes of £. Our formula yields a degree formula for G„\ :(d,£) 
with respect to det Q when X is projective and A d £ is very ample. To prove the formula 
above, a push-forward formula in the Chow rings from a partial flag bundle of £ to X is 
given. 


0. Introduction 

Let X be a non-singular quasi-projective variety of dimension n defined over a field 
of arbitrary characteristic, and let £ be a vector bundle of rank r over X. Let &x(d,£) 
be the Grassmann bundle of £ over X parametrizing corank d subbundles of £ with 
projection 7 r : Gx(d,£) — > X, and let Q <— ti*£ be the universal quotient bundle of rank 
d on Gx(d,£). We denote by 9 the first Chern class ci(det Q) = C \( Q ) of Q, and call 9 
the Plucker class of Gx(d,£): In fact, the determinant bundle det Q is isomorphic to the 
pull-back of the tautological line bundle Op x ( A d £ j( 1) of Px(A d £) by the relative Plucker 
embedding over X. 

The purpose of this article is to study the push-forward of powers of the Pliicker class 
to X by 7T, namely, 7t*( 9 n ), where tt* : A* +d ( r ~ d ) (G x (d, £)) —> A*(X) is the push-forward 
by n between the Chow rings. The main result is a closed formula for the push-forward 
of ch(det Q) := exp# = J2 N> o ■> ^ ie Chern character of det Q in terms of the Segre 
classes of £, as follows: 


Theorem 0.1. We have 


71 * C. 


h(deta) = ? rw,(r +*»-.•)> n 


0<i<d—1 


in A*(X) <8) Q, where k = (k 0 ,..., kd- 1 ) 6 Z> 0; and Si (£) is the i-th Segre class of £. 


The Segre classes Si(£) here are the ones satisfying s(£,t)c(£, —t ) = 1 as in [2], [7], [8], 
where s(£,t) and c(£,t) are respectively the Segre series and the Chern polynomial of £ 
in t. Note that our Segre class Sj(£) differs by the sign (—1)* from the one in [3]. 
Theorem 10.11 yields 
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Corollary 0.2 (Degree Formula for Grassmann Bundles). If X is projective and A d £ 
is very ample, then G x (d,£) is embedded in the projective space F(H°(X, A d £)) by the 
tautological line bundle Oq x ^,£)(I), and its degree is given by 


deg G x (d,£) 


(d(r 


d) + n)\ Y 

|fc|=7l 


% *+j) 



n 

0<i<d— 1 


where \k\ := 

Here a vector bundle T over X is said to be very ample if the tautological line bundle 
Ow x {T){ 1) of P X (P) is very ample. 

We also give a proof for the following: 

Theorem 0.3 ([5j, [TO]). We have 

7T* ch(det Q) = Y | A | p |, / A+E ^(g(g)) 

in A*(X) <£) Q, where A = (Ai,..., Ad) is a partition with |A| := JA A e := (r — d) d = 
(r — d,... ,r — d), f x+£ is the number of standard Young tableaux with shape A + e, 
and A\(s(£)) := det *(^)]is the Schur polynomial in the Segre classes of £ 
corresponding to A. 

Note that our proofs for Theorem 10.31 as well as Theorem 10.11 do not use the push- 
forward formula of Jozefiak-Lascoux-Pragacz [6], while the proofs given in [5j, |IU] do. 
We establish instead a new push-forward formula, as follows: Let F^(£) be the partial 
flag bundle of £ on X, parametrizing flags of subbundles of corank 1 up to d in £, let 
p : Fy(£) —» X be the projection, and denote by p* : A* +c ( F^(£)) —» A*(X) the push- 
forward by p, where c is the relative dimension of F x (£)/X. Let £ 0) ■ ■ ■, £d-i be the set 
of Chern roots of Q. It turns out (see §1) that one may consider H* +C (F^(F)) as an 
H*(X)-algebra generated by the f t . Then 

Theorem 0.4 (Push-Forward Formula). For any polynomial F G A*(X)[T 0 ..., T d _i], we 
have 

d -1 d—1 

P*F(0 = const t (a(£) 

z=0 i —0 

in A*(X), where f := (£o> ■ ■ • j £d-i)> const*(•••) denotes the constant term in the Lau¬ 
rent expansion of ■ ■ ■ in t := (t 0 ,... ,t d _ i), A (t) := ]lo<i<i<d-i(^ - t i) and F {l/t) := 
F(l/t 0 ,..., 1/td-i). 

The contents of this article are organized as follows: The general theories [8, §6], [TTj 
§§0-1] on the structure of Chow ring of certain partial flag bundles are reviewed in §1. 
Then, Theorem 10.41 is proved in §2, by which it is shown that 7r* ch(det Q) is given as the 
constant term of a certain Laurent series with coefficients in the Chow ring A*(X) of X, 
denoted by P(t) (Proposition 12.5p . To evaluate the constant term of P(t), in §3, a linear 
form on the Laurent polynomial ring, denoted by <f>, is introduced (Definition [3TT]) , and an 
evaluation formula is proved (Proposition I3.3[) : The evaluation formula is the key in the 
final step to prove Theorems 10.11 and 10.31 In §4, a generalization of Cauchy determinant 
formula is given (Proposition 14.ip . This yields another proof of a push-forward formula 
for monomials of the (Lemma 12.2p . 
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1. Set-up 


Let X be a non-singular quasi-projective variety of dimension n defined over a field k, 
let £ be a vector bundle of rank r on X, and let w : P(£) —y X be the projection. Denote 
by £ the first Chern class of the tautological line bundle 0p(£)(l), and define a polynomial 
Ps G A*{X)\T] associated to £ by setting 

P e (T) := T r - Cl (£)T r ~ l + • • • + (-1 ) r c r (£), 

where A*(X) is the Chow ring of X. Then, Pg(£) = 0 by definition of the Chern classes 
(P Remark 3.2.4]), and 

(1.1) A*(P(£))= 0 A*{X)?~A*(X)[T\/{P S (T)) 

0<i<r-l 

(P Theorem 3.3 (b); Example 8.3.4]). Let tu* : kL* +r ” 1 (P(£)) —> A*{X) be the push- 
forward by w. Then is equal to the coefficient of a in £ r_1 , denoted by coeff^(a), 
with respect to the decomposition (II.ip for a G R* +r_1 (P(£)) ([3], Proposition 3.1]): 

(1.2) Wt,a = coeffg(a) 

Denote by F^-(£) the partial flag bundle of £ on X, parametrizing flags of subbundles 
of corank 1 up to d in £, and let p : F^(£) —* X be the projection. Set £ 0 £, and 

let £ l+ i be the kernel of the canonical surjection from the pull-back of £ t to P(£«), to the 
tautological line bundle C > p(g i )( 1), with rk£; — r — i (i > 0). Set £j := ci(Op^(l)). We 
have an exact sequence on P(£j), 

0 —> £i +1 —> £i —> Op(g j )(l) —> 0, 

and an equation of Chern polynomials, 


(1.3) 


c(£i,t) = c(£ i+1 ,t)(l + £jt), 


where we omit the symbol of the pull-back by the projection Pp(f i )(£i+i) —> P(£i). ft is 
easily shown that the projection p : F]y(£) —> X decomposes as a successive composition 
of projective space bundles, Pp(f i )(£j+i) —» P(£j) [i > 0): 

p : F^(£) = P(£d_i) —>■ P(£d_2) —>■■■—> P(£i) —> P(£o) X. 


In fact, P(£j) ~ F]^ 1 (£) (0 < i < d — 1). Using (11.11) repeatedly, we see that the Chow 
ring of ¥ d x (£) is given as follows: 


(1.4) 


V(Fi.(£))= ® A‘(X e't, 1 

0<il<r-l-l 

(0<Z<d-l) 


x < (x)[r 0 ,r 1 ,...,r j - 1 ] 
({^(rnio < i < d -1})' 


Denote by p* : kf* +c (Fj(-(£)) — > A*(X) the push-forward by p, where c := ^ 0 <j<d-i( r ~~ 
i — 1), the relative dimension of ¥x(£)/X. Then, using (II.2(1 repeatedly, we see that 

(1.5) p*a = coeff^(a) 

for a G A*(F^-(£)), where coeff^(a) denotes the coefficient of a in £S _1 £j _2 • • ■ with 
respect to the decomposition (IL4I) . 

Let G := G x(d, £) be the Grassmann bundle of corank d subbundles of £ on X, and let 
Q G- n*£ be the universal quotient bundle of rank d. Consider the flag bundle F^ -1 (<2) 
of Q on G, parametrizing flags of subbundles of corank 1 up to d — 1 in Q. Then, as in 
the case of F x (£), the projection F^ -1 (<2) —> G decomposes as a successive composition 
of projective space bundles, Pp(Qj)(Qi+i) P(Qi) (« > 0): 

q : Wq l (Q) = P(Qd- 2 ) ~t P(Qd- 2 ) P(Qi) —> P(Qo) — * G, 
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where <2 0 := Q, and Q l+ \ is the kernel of the canonical surjection from the pnll-back of 
Qi to P(Qj), to the tautological line bundle (9 P (q.)( 1), with rk Q t = d — i (i > 0): In fact, 
P(Qi) - F* g +1 (Q) (0 < i < d — 2) and P nQd _ 2) (Q d -i) ^ P(Q d _ 2 ) - F^Q) = F*(Q). It 
follows from the construction of the Qi that the Pliicker class 6 := ci(det Q) = ci(Q) is 
equal to the sum of the hrst Chern classes ci(C>p(g i )(l)) (0 < i < d — 1) in kP(F G -1 (<2)), 
where Op(Q d _ l) (l) = Qd-i vi a Fp(Q d _ 2 )(Qd-i) ^ P(Qd- 2 )- 

It follows from the construction of the £ t that £<i is a corank d subbundle of p*£ on 
F^(£), which induces a morphism, r : F^(£) —> G over X by the universal property of the 
Grassmann bundle G. Then it turns out that F G -1 (Q) is naturally isomorphic to F^(£) 
over G via r, as is easily verified by using the universal property of flag bundles: We 
identify them via the natural isomorphism F G -1 (Q) ~ F^(£). Under this identification, it 
follows that p = n oq and & = ci(C> P ( £i )(l)) = ci(CV( Qi )(l)) in >l*(F^(£)) = /1*(F G -1 (Q)) 
(0 < i < d — 1), where the symbol of pull-back to F^(£) = F G _1 (Q) is omitted, as before. 
Thus we have 

(1.6) q*8 = £o + ■ • • + £d -1 

in A*{¥ d x (£)) = A*(F g _1 (Q)). For details, we refer to [Sj §6], [TT], §§0-1]. 

2. Laurent series 
W e keep the same notation as in §1. 

Lemma 2.1. For any non-negative integer p, 

coeffg(£ p ) = constt(t~ p+ '’ _1 s(£, t)), 

where const t (- • •) denotes the constant term in the Laurent expansion of ■ ■ ■ in t. 

Proof. Set Rp(x p ,..., x p - r ) := X^ =0 (—1 ) l Cj(£)x p _j, and consider a recurring relation, 
R p (x p ,... ,x p _r) = 0 (p > r) for {x*} C A*(X). If a p : = coeff^(^ p ), then 

r 

R p (a p ,..., a p - r ) = coeff 5 ( ^(-1 ) l c i (£)f p ~ 1 '^ = 0 

i=0 

by Psiff) = 0. On the other hand, if b p := constt(f _p_1+r s(£, t)), then 

r 

R p (b p ,... ,b p - r ) = const f ^ ^ Cj(£)(— t) l t~ p ~ 1+r s(£, t) j = consU(£ _p_1+r ’) = 0 

i =o 

by c(£, —t)s(£,t) = 1. Thus both of {a p } and {b p } satisfy the recurring relation R p = 0, 
so that a p = b p for all p: Indeed, a r = b r = c\(£), a r _i = 6 r _i = 1 and a p = b p = 0 if 

0 < p < r — 2. We here note that x p is determined by x p -±,..., x p - r if R p ( 0C p j . . . *£p -7*^ - 

0 . □ 

Lemma 2.2. For any non-negative integers po,... ,Pd-i, we have 

d- i 

coeff i (^° • • • f/jf) = const* (A(t) JJ t~ Pi+r ~ d s (£, L)), 

»=o 

where constf-••) denotes the constant term in the Laurent expansion of ■■ ■ in t 
(to,... ,td-i), and A (t) := IIo<i<i<d-i(^ — A?) Vandermonde polynomial oft. 

Proof. Since s(£ d -i,t d -i) = (1 - fd- 2 t d -i)s(£ d - 2 ,td-i) by (jl.3[) , it follows from Lemma 
12.11 that 

coeff^d-n. (Zd-f 1 ) = constt d _ 1 (tfff~ 1+r d (l - €d- 2 td-i)s(£ d - 2 , *d-i)) 
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in A*(fP(£ d _ 2 )), where coeff^ d _ 1 (• • •) denotes the coefficient of • ■ ■ in £ d _y Therefore, using 
Lemma [2.11 again, we have 

coeff, d _ 2 ,, d _ 1 (e- 2 2 e-i i ) 

= coeff 5d _ 2 (^- 2 2 const t(I _ 1 (^- 1+r_d (l - £d_ 2 td-i)s(£d- 2 , *d-i))) 

= coe%_ 2 (e- 2 2 constt d _ 1 (tff d - 1+r ~ d s(£ d - 2 , t d _ i))) 

+ coeff €d _ 2 (^l- 2 2+1 consul (^- 1+r - d (-t d _i)s(£ d _ 2 ,t d _i))) 

= consti d _ 2 (t~f d - 2+r ~ d+1 s(£ d _ 2 , *d- 2 )) const td _ 1 (tff d ~ 1+r ~ d s(£ d _ 2 , t d _ i)) 

+ constt d _ 2 (t^ 2 d ~ 2+1)+r ~ d+1 s(S d - 2 , td- 2 )) const td _ 1 (t^ d ~ 1+r ~ d (-t d -i)s(S d - 2 , t d ~ 1 )) 
= const td _ 2i i d _ 2 (t^- 2+r “ d+1 s(£ d - 2 , t d _ 2 )t~^ d - 1+r ~ d s(£ d _ 2 , t d -i)) 

+ constt d _ 2<td 2 (tff 2 ~ 2+r ~ d s (£ d - 2 , t d _ 2 )t2 d i 1+V - d (-td-i)s(£ d - 2 i t d _ 1 )) 

d-l 

= constt d 2j t d 2 {{t d - 2 — t d -i) JJ t; Pi+r ~ d s{£ d - 2 ,ti )) 

i=d —2 

in _A*(P(£(i_ 3 )), where coeff^ d _ 2 ^ d _ 1 (- • •) denotes the coefficient of ■ ■ • in f, d Z 2 +1 f, d Zi, an d 
coeffg d _ 2 (- • •) the coefficient of • • ■ in £^I 2 +1 - Repeating this procedure, we obtain the 
conclusion. □ 


Remark 2.3. Expanding the determinant A (t) in the right-hand side in Lemma 12.21 using 
(USD , we obtain a formula, p*(Co° ''' ■Cd-h 1 ) = det[s Pi+ j_ r+ i(£)]o<i )i7 -<d-i hi terms of the 
Schur polynomials in Segre classes of £, which is equivalent to the determinantal formula 
0 8.1 Theorem] with /,(A) := (0 < i < d — 1). 

Proposition 2.4. For any polynomial F e A*(A")[To,..., T d -\\, we have 

d-l d-l 

coeffg(F(£)) = constf ^A(t) 

z=0 z=0 

where £ := (£ 0 ,..., £d-i), const* (• • •) denotes the constant term in the Laurent expansion 
of- • • int := (t 0 , • • ■ ,td-i), A(t) := rio<K 7 <d-i(^ _ ^)’ andF(l/t) := F(l/t 0 ,..., 1/td-i). 

Proof. This follows from Lemma 12.21 □ 


Proof of Theorem 0.4 


The assertion follows from (II.5p and Proposition 12.41 


Proposition 2.5. With the same notation as in §1, we have 


□ 


7r* ch(det Q) = const*(P(t)), 

where 7 r* : A* +d ^ r ~ d \G x (d, £)) <S> Q — > A*(X) ® Q is the push-forward by n, ch(det Q) 
is the Chern character of det Q, const* (• • •) denotes the constant term in the Laurent 
expansion of ■ ■ ■ int:— (to, ..., td-i), and 

P(t) := A(t)J^[t[“ d “ (d " 1_l) exp JJs(£,L). 

i =0 i =0 ll i =0 

Note that, though exp (Ylifo *") * s an eleiment in Q[[{j:}o<i<d-i]], const* (P(t)) is well 
dehned since the Segre series are polynomials in t. 
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Proof. Since F^" 1 (Q) —» F ? G (<2) is a P 0 ' 1 *-bundle, using [3l Proposition 3.1] repeatedly, 
for a non-negative integer N , we have 

e N = q*{tt 1 ft 2 ---t±-2q*0 N ), 

where q is the composition of the projections, F^ -1 (<2) —>■•••—>■ Fjb(Q) —> G. It follows 
from (11.6 jl and the commutativity p = n o q via the identification F^ _1 (Q) = Fy(F) that 

tt *(0 =7iM^-Yi~ 2 --<d-2q*e N ) 


d -1 


d -1 


d-1 


d -1 


7T * 


5* (n (E 4 N ) =p* (n s'- 1 - (E e 


4=0 


i =0 


*=o 


4=0 


IV 


where p is the composition of the projections, F^(£) F^ (£) —>■ A". Now, apply 

Theorem E3 with F := flto ^“ 1_< ( Eto T *) ^• Then, 


d-l 


d-1 


P *(n^ 1 ) = const* (a(£) Y[t 


4 = 0 


4=0 


d—1 d—1 

, 1 — d— (d—1— i) | 


d-1 


4=0 


x s JV “ 

xx j 


4=0 


4 = 0 


Thus the conclusion follows with ch(det Q) = exp(0). 


□ 


3. A LINEAR FORM ON THE LAURENT POLYNOMIAL RING 

Definition 3.1. Let A be a Q-algebra. We define a linear form $ : A[{ti, y}o<i<d-i] —t A 
on the Laurent polynomial ring A[{ti, y}o< 4 <d-i] by 

d-1 „ 


$(/) := const* (A(i) exp f ^ -)/(/)) (/ e A 


4 = 0 


ti J 0<4<d—1. 


where t := (t 0 , • • • Ad-i)- 


Lemma 3.2. (1) Consider the natural action of the permutation group &d on 

A[{ti, ^}o< 4 <d-i] with a (U ) := (a G 6 rf ). Then we have $ (a (f)) = sgn(cr)<h(/). 
As a consequence, we have 


d-1 


d-1 


AlTA" 1 "'’/©) = (-i)“(“-‘ )/2 $(nv7(fl 


4=0 


4 = 0 


/or a symmetric function f(t). 

(2) For a Schur polynomial s\(t) and a symmetric function f(t), we have 


d-1 


d-1 


4=0 


A iLiviiMD)=* ny 1 * 1 !® 


4 = 0 


Here the Schur polynomial s\(t) in t = (t 0 ,..., fd-i) for a partition A = (Ai,..., A^) is 
the polynomial dehned by 


s\(t) : = 


det [tj i+d ~ l ] det[tj 


A i~\~d — i '| 


det [t*-*] A (t) 


where 1 < i < d, 0 < j < d — 1 (see, e.g ., [3J 14.5 and A.9], [9] Chapter I, §3]). 

Proof. (PP) . The assertion is a direct consequence from the definition of <3? and a property 
of A(t). 
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). Using (00), we have 


d-1 


d—l 


d—1 


i =0 


d\ 

1 

d! 

1 




i =0 
d—l 


cr&&d 


i =0 


$(nv d i} /© s 

i=0 

-$(n^ (d_1) /a) det[t Ai+<i-/ 


i =0 


1 

d! 


j ji<;<d,o<i<d-i 

d—l d—l 


i =0 


(-l)d(d-l)/2A(jfe i ) 


{fci + d-1}! ' 


Proof. We have 


d—l 


d—l 


$ ( n^) =c ° nst * ( sgn ( a ) n ( t 


L fei+d— 1 —o-(i) 


crG©d i=0 

d-1 


sgn(cx) JJ const*. f^ i+d 1 ^ exp 


«=o 

sgn(a) 


{fci + d - 1 - cr(z)}! L(^* + d —1—j)! 


i =o 


cre&d 

= E 

cre6 d 

(-l)d(d—l)/2 A ( fc ,) 

{/ci + d — 1}! 

The last equality follows from the lemma below. 

Lemma 3.4 ([3j Example A.9.3]). 

1 

det 


exp i - 

W. 


= det 


0<i,j<d-l 


A(xi 


_( x i + jV-_ 0<i,j<d-l { x i + d 1}! 


(3.1) 7T*ch(det Q) — $( 


i =0 


i =0 


II *<)) 

■if-^(n‘rnr»(«)) 


d—l d—l 


2—0 2—0 


E sgB(«r)*(n<; ( W/©) = KILEWft)). □ 

(jG©d 2—0 2—0 

To simplify the notation, for a finite set of integers {a*}o<i<d-i, set 
{a*}! := ad, A(a*) := (a* - aj). 

0<i<d—l 0<i<j<d-l 

Setting m! : = T(m + 1) for m G Z, we have 1/m! = 0 if m < 0. 

Proposition 3.3 (Evaluation Formula). For k = (fc 0 ,..., fc^-i) G Z> 0 , we have 

*(n * 


□ 


Proof of Theorem \0.1[ By Proposition 12.51 and Lemma [3721 (JTj) with A := A*(X) <2> Q, we 
have 

d—l d—l 

— (d—l—2) 
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Since 


d -1 


d -1 


i=0 A; i=0 

it follows from Proposition 13.31 that the most right-hand side of (13.ip is equal to 

( _ 1) «- i ) /2 ^ # (^ r , +ii -. |j 8fe(£) )=^ {r+ A ^72n, n^.( £ )' 


k 2=0 2=0 k 

Vd 


1}! 


»=o 


where k = (fc 0 ,..., kd- i) € Z> 0 . Thus we obtain the conclusion. 


□ 


Proof of Corollary \0/A By the assumption Gx(d } £) is projective and the tautological 
line bundle 0 Px ^ A d £ ^( 1) defines an embedding P. Y (A d £) P(H°(X, A d £)). Therefore 
G x(d, £) is considered to be a projective variety in P A d £ )) via the relative Pliicker 
embedding G x {d,£) ‘-A Px(A d £) over X defined by the quotient A d 7T*£ —y A d Q = det Q. 
Since the hyperplane section class of G x(d,£) is equal to the Pliicker class 6, we obtain 
the conclusion, taking the degree of the equality in Theorem 10.11 □ 

Proof of Theorem \0.3l By Lemmas 13.51 below. 13.21 (l2j) and Proposition 13.31 the most right- 
hand side of (13.ip is equal to 


d -1 


- 1 ) 


d(d-1)/2 ' 




t=0 


d—1 




t 


r-d—i+ Aj+i 


i=0 




E 


A(r -d-i + A i+ i) 

{r - d - i + A i+ i + (d - 1)}! 




y^ A(A i+ i — (i + 1)) y^ f x+£ 

E {AM+r _ (a + 1 )}! ^wg)) = E tttttAMO). 


|A + e\\‘ 


□ 


Lemma 3.5. 


d—1 


Rs^U) = Ax(s{S))s x (t). 


i =0 


Proof. Using Cauchy identity O Chapter I, (4.3)] and Jacobi-Trudi identity [3], Lemma 
A.9.3], we have 


d—1 


d—1 


~[s(£,ti) = l 


i =0 


_n C (£> -k) 


2=0 


d— 1 r 

nn 

2=0 j=l 


1 Qt-j ti 


^2s x (a)s x (t) = ^A x (s(£))s x {t), 


where a = {oq,..., ay} are the Chern roots of the vector bundle £. 


□ 


4. Appendix: A generalization of Cauchy Determinant Formula 

Consider a polynomial ring Ri := A[£ 0 , • • •, £ r _i] with r variables over a Q-algebra A. 
Denote by c” the i-th elementary symmetric polynomial in , £ r _i, and by c* the z-th 

elementary symmetric polynomial in £o, • • •, £ r _i. We define the Segre series s(t) by 

1 
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Set R 2 := i4[fo, • • •, id- 1 , Cl, ..., c"_ d ], and R 3 := A[c u ...,c r \. Then, R 1 D R 2 D R 3 , 
and R\ (resp. R 2 ) is a free i? 3 -modules generated by {£o° ■ ■ ■ CAi } (resp. {£q° ■ ■ •£d(r 1 1 }), 
where 0 < b < r — l — 1 (see, e.g., [U Chapitre 4, §6], [7J §§2-3]). In particular, we have 
a decomposition, 

(4.1) ® ifa-S'ff ■■•efc 1 . 

0<i t <r-l-l 

(0<l<d-l) 


For a 6 fi 2 , we denote by coeff^(a) the coefficient of a in 1 •.. ff d _^ with respect to the 
decomposition (14.ip . 

Let A (resp. A , A') be the anti-symmetrizer for variables {£o, • • •, £ r - 1 } (resp. 
{£o, ■ ■ ■, fd-i}, {£d, • • •, ii — i}) j that is, A(a) := E CTS s r s g n ( cr ) cr («) (« e #i), for instance. 

Proposition 4.1 (Generalization of Cauchy Determinant Formula). We have an equality 


A ( ''' ’ • • •, £r-l) \ 

^ n 0 <ij<d~i( T j - & ’ 


By setting Ti 


1 

U’ 


we have 


A ( A (^°’ ' ' ' ~ ~ • >£r-l) \ 

' ^<^-1(1-^) 

Proof. The fractional expression, 


A(£ 0 ,---,£r-l) 


n 


0<i<i — 1 ,0<j<d -1 A] 


d— 1 +r—d 
i 


A(£o,.-.,£r-i)nU£ 

rio<i<i—1,0 <j<cZ—1 ( ^ — irfj) 





n 


0<i,j<d-l\ T j 



n ^ 

0<i<r-l,0<j<d-l 


6 ) 


is actually a homogeneous polynomial in the variables, £ 0 , . ..,£ r _i, To,..., r r _i, with 
degree d(d — l)/2 + (r — d)(r — d — l)/2 — d 2 + rd. = r(r — l)/2, and anti-symmetric with 
respect to the £*. Therefore it is a multiple of A(£ 0 ,..., £ r _i). By comparing the coefficient 
of ^q _1 • • • fr— 1 , we see that those polynomials are equal to each other, and we obtain the 
first equality. The second equality follows from the first one. □ 


Another Proof of Lemma UTR Let G(t) be the generating function of coeff^(^Q° • • • f P d d _f), 
that is, 

G(*):= V coeff^r.-eDC-e,’. 

Po,-,Pd-i>0 

For 0 < ii < r — l — 1, we have 




A(^0; ■ ■ ■ j ir— 1 ): (*0; ■ ■ ■ ) b—1 ) (j 1, . . . , 0), 
0, (fo, • • • , ir—l) 7 ^ ( r 1, • • • , 0). 


Since A is i? 3 -linear, we have an equality 


A(a • • • • C-i) = coeff*(a)A(£ 0 , • • •, £ r -i) 
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in Ri for a e R 2 - Therefore, 

AK„,..., «,-i)G(t) = ■ ■ ■, C-1 ■ C d - d -‘ ■ • • C°-1)<?■•• CV 

po,---,Pd-i>0 






r—d —1 r -0 


tu 

Sr —1 


= ^U' 

= A. 


(1 - f 0 t 0 ) •••(!- Zd-itd- 1) 
1 


" ( C r —d— 1 r-0 


^"(e, 


(1 — £o*o) •••(!— £d-Rd-l) ^ 

A(t 0 ,..., trf-i) A(£ 0 ,..., ^d_i) A(^d,..., £ r _i) 

n 0 <„<d-i(i _ &o) 


C-E 


4A(£oj ■ ■ ■ j £d—l)A(£d, ..., £ r _i)^ A + ^ 

= — r {t °' ■ ■" 

Here we used the equality, 

-4(/(£o, • • ■ )£d-lM£d, • • • , Cr-l)) = «4(«4 / (/(£o, • • • ,^d-l))-4 ,/ (fl , (^d, • • • ,6r-l))) 

and Cauchy determinant formula (|9j p.67, 1.4, Example 6]). Finally, using Proposition 
14.11 we see that 


d— 1 ,r—d 


G(t) = 


A(t 0 ,...,t d _i)ni = o t 

rio<i<r—l,0<j<d—l(l — &j) 


d—1 


A(t 0 ,...,td_i) JJf- d s(U ), 


i =0 


and this proves Lemma [2721 with R\ := A*(X ) and i? 2 := A*(F[^(£)) = A*(F£, 1 (Q)). □ 
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